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Properties of the Fourier transform — linearity

@ All four transforms are linear:

af(t) + bg(t) <L aF(jw) + bG(jw)
af(t) + bg(t) <% aF + bGy
af[n] + bg[n] FLLLIN aF(e/?) + bG (/)
af[n] + bg[n] JRALEIELN aFy + bGy
The periodic signals fi g have the same period Ty = i—’(: or N = SZTT,
respectively.
@ Proof for the DTFT:

DTFT{af[n] + bg[n]} = Z {af [n] + bg[n]}e /"

=a Z fln]le " + b Z g[n]e " = aF (&) + bG (V)
(UNIZG FER)
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Properties of the Fourier transform — symmetry

@ Let us analyze symmetry of the CTFT
e From F(jw) = [*_f(t)e/*t dt, we have:

Pl = | [ e dtr - [ rwea

—00

For a real signal, f(t) = f*(t), Vt € R. Hence:

F*(jw) = / f(t)e ()t g,

F(—jw)

which leads to conjugate symmetry of the complex spectrum F(jw):

F(js) = F(=jw)
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Properties of the Fourier transform — symmetry

@ Conjugate symmetry corresponds to:
Re{F(jw)} = Re{F(—jw)} and Im{F(jw)} = —Im{F(—jw)},
as well as:
[FUw)l = [F(—jw)| and  ZF(jw) = —ZF(—jw).

@ The amplitude spectrum of a real signal is even, and the phase
spectrum of a real signal is an odd function. The real part of the
spectrum of a real signal is even, and the imaginary part is odd.

@ All Fourier transforms of real signals exhibit conjugate symmetry of
its spectra.
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Properties of the Fourier transform — symmetry

@ Let us analyze the spectrum of a real and even continuous signal.
Since f*(t) = f(t) and f(t) = f(—t), we have:

*(t) = f(—t).

From equation (1), it follows:

F*(jw)z/oo f*(t)ed'wtdt:/oo f(—t)et dt

—00 —0o0

OO .
:/ f(—t)e )t dt = |7 = —t|

—00

= /oo f(r)e ™7 dr = F(jw).

—00

@ Such an equality stands only if the imaginary part of F(jw) is zero,
which means that F(jw) is real. Hence, spectrum of an even real
signal is real.

(UNIZG FER) CTFS

6/45



Properties of the Fourier transform — symmetry

@ Symmetry properties of all Fourier transforms

transform real signal even real signal
CTFT F(jw) = F(—jw) F*(jw) = F(jw)
CTFS Fr=F_x Fi = Fx
DTFT | F*(e/?) = F(e?) | F* (/) = F(e?)
DTFS Fr=F_x Fi = Fx
spectrum is conjugate spectrum is
symmetric real
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Convolution of discrete-time signals

@ Convolution is a very important operation on signals, which will be

frequently exploited for calculation of the response of linear systems.

o Let x,y € [Z — R] be two discrete-time signals.
@ The result of the convolution of x and y is the discrete-time signal
x x y, defined by the convolution sum:

o0

VneZ, (xxy)[n]= Z x[m]y[n — m].

m=—0o0
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Convolution of discrete-time signals — properties

@ Convolution is commutative:

(x*y)lnl = (y * x)[nl,

@ and linear. For a;,a» € R we have:

x x (a1y1 + a2y2) = a1(x * y1) + az2(x * y2).
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Properties of the Fourier transform — convolution of
aperiodic signals in the time domain

@ We calculate the convolution of two aperiodic discrete-time signals
f[n] i g[n], Vn € Z, whose spectra are F(e/?) and G(&/?), VQ € R

DTFT{(f xg)[n]} = DTFT{ > flmlgln - m]} =

= F(eJQ)G(eJ_'f;).
Proof:
DTFT{(f*g)[n]} = Z [ Z flmlg[n — m]] e _
- Z f[m][ Z gln— m]e_jQ"]

substitution n — m = k gives ...
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Properties of the Fourier transform — convolution of
aperiodic signals in the time domain

DTFT{(f=g)lnl} = > f[m][ 3 g[k]ejQ(m+k)]

m=—o00 k=—00
— Z f[m]e‘ij[ Z g[k]e‘jﬂk]
m=—00 k=—00
F(e/?) Gdgﬂ)
= F(¢7)G(e7)

@ Similarly, we show that convolution of aperiodic continuous-time
signals corresponds to multiplication of its spectra:

CTFT{(f x g)(t)} = F(jw)G(jw)

(UNIZG FER) CTFS

11/45



Convolution of aperiodic signals in the time domain

@ Lat us calculate the spectrum of two convolved rectangular pulses.

mo{ b 0snsi-1
puint = 0, for other n ’

L, Q=0,+27,+4nr, ...
DTFTpclnl} = 4 =i%w-(5) o 20 tor 1ar, ..

e sin(3)

DTFT{(pr * p.)[nl} = DTFT{p.[n]}DTFT{p.[n]}

L2, Q=0,+£27,...

DTFT{(pL * p)[n]} = [e 21— 1)@ 2’ Q+£0, 427, ...
sin(3)

25, Q=0,427,+4x, ...

DTFT{(ps * ps)[n]} = e~ /40 5:5’1’,’72((55))’ Q # 0,27, +4r, ...
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Convolution of aperiodic signals in the time domain

S = N W ks W

ps(n) ps(n) f(n)=(ps*ps)(n)

5 5
4 4
* 3 3
2 2
1 1
ocijjftt;;;;;;;;;;o 0

0 5 10 15 0 5 10 15 0 5 10 15

n—> n— n—

|DTFT{ p,(m)}] \DTFT {py(n)}] IDTFT { f (n))]

5 5 25
4 4 20
3 . 3 15
2 2 10
1 1 5
0 0 0

-7 -7/2 0 #/2 =« -7 -7/2 0 m/2 =« -r -2 0 /2 *«

Q— Q- Q
Z/DTFT{ p(n)} ZDTFT{ py(n)} ZDTFT{f (n)}

v t V4
+ 0 0

-7 -7/2 0 z/2 x
Q—
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Convolution of continuous-time signals
o Let x,y € [R — R] be two continuous-time signals.

@ Convolution conv is a mapping of x, y to a new z signal:
conv:[R = R] x [R = R] = [R — R

z = conv(x,y) = xxy.

@ It is defined by the convolution integral:

o0

Vt € R, z(t):(x*y)(t):/ (Pt — 7) dr.

—0o0

@ Continuous convolution is commutative and linear, as well.
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Convolution of continuous-time signals — example

@ The result of the convolution® v = p; * p; is:

p.(t) p.(f) . V()
1 1
-z/2 1 /2 > -2 1 /2 t—> d [ Tt

“Students are encouraged to solve it using the convolution integral from the
previous slide.
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Properties of the Fourier transform of periodic signals

o For the periodic discrete-time signals f and g with the same period
N, we define the periodic convolution:

N—-1

(F®g)lnl =) flmlgln — m]
m=0

@ For the periodic continuous-time signals f and g with the same
period Ty, we define the periodic convolution:

To
(F@g)(t) = /O F(r)e(t — ) dr

@ It can be shown that:

DTFS:
(fF®g)[n] e—"» NF Gy

CTFS; w
(f®e)t )% ToFk Gk
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Properties of the Fourier transform — convolution in the
time domain

@ Convolution properties of all Fourier transforms

(Fxe)t) <5 F(w)G(jw)
CTFS; wo=2=

(F®g)(t) +— ToFkGk

(f + g)[n] LIFT, F(?)G(e?)

Feon 2w,
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Shift in the time domain — discrete signals

o For F(e/?) = DTFT{f[n]}, Vn € Z, VQ € R, we have:
DTFT{f[n— m]} = e S'™F(/?).
Proof:
DTFT{f[n—m]} = >  f[n— mle?"
n=—o0

substitution n — m = r gives

= Z f[r]e_JQ(mJ’_r)

r=—00

= e Jam Z f[r]e_jQ’ = e_ijF(ejQ)

r=—o00

F(e/)
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Discrete aperiodic signal — shift in the time domain

f(n) S(n=T7)
5 ° 5
4 [ 4
3G 3
Lol ! f
el s ! allll1s
0 5 10 15 20 0 5710 15 20
i n—> _j10 i
‘F(e’ )‘ ‘e F(e )‘
25 25
10 ~ 10
L 72 02 o A x
L - O
0 o R o
LF(e") 2] F ()]
T T

(=]
(=

7T —7T
a2 0 Ak Az o 72

(UNIZG FER) CTFS 19/45



Properties — shift in the time domain

@ Time-shift properties of all Fourier transforms

(UNIZG FER)

CTFT

f(t—t1) e Wi F(jw)

f(t . t]_) CTFS; wo e_jkwotl Fk

fln—m] LT eI F (/)
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Properties — shift in the frequency domain
o For F(e/Y) = DTFT{f[n]}, Vn € Z, ¥Q € R, we have:
DTFT{e/"f[n]} = F(/(@)),

Proof:

DTFT{Mfln} = 3 &M fln]e "

n=—oo

DTFT{M"f[n]} = 3 flaje (@ = F(O-))

n=—oo

Example: Q1 = %

DTFT{ei"f[n]} = Z flne @ 5n — (@)

n=—0o0
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Discrete signal — shift in the frequency domain

£ n]= £(n) Q)
G G
,,?TTT TTT? M?Tﬂ TTT?
0 5 10 15 20 0 5 10 15 20
Zf(n)=0 e rm] "7
V4 T
<m9?TT
0 0 (L&d)
- -
0 5 10 15 20 0 5 10 15 20
T I ey
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10 10
O 2 0 /2 0 /2 /4 z/2
- -7, T, V4 -T -7 0 V4
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Properties — shift in the frequency domain

@ Frequency-shift properties of all Fourier transforms

() s F(j(w —wi)

ejklwotf(t) CTFS; wo Fk_kl
iQn DTFT i(Q—1)
e fln]  +——  F(¢ V)
ejklﬂonf[n] DTFS; Qg Fk_kl
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Periodic convolution in the frequency domain

o If F(¢/) = DTFT{f[n]}, and G(&/*) = DTFT{g[n]}, Vn € Z,
VQ € R, then:
flolele] 275 - [* F(@)6(90 ) dy = S (FOG) ()

Proof:

DTFT{f[nlg[n]} = Z {flnlglnlye

3 [ | e dw]g[nle-f""
;ﬂ F(W)Lijmg[n]e—fm—w"] di)
— 5 [ PG ) di = o (FOE)E)
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24 /45



Convolution in the frequency domain

e Using F(jw) = CTFT{f(t)}, and G(jw) = CTFT{g(t)}, Vt € R,
Vw € R, we have
crrr. 1 [ 1

f(t)g(t) «—— o F((w—W¥)GUV) dV = z(F * G)(jw)

—00

@ The proof is similar to the previous one.
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Fourier transform of the complex exponential

o We start from some signal f(t), Vt € R. Let its Fourier transform be
a Dirac function with an intensity of 27 at the frequency wy.

@ The ICTFT of such an impulse is:
f(t) = = / 25(w — wo)etdw = et

o Clearly, such a signal is the complex exponential.
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Fourier transform of the cosine

e Using Euler's formula for f(t) = cos(wot), ¥Vt € R, and using the
result from previous slide, we have:

CTFT{cos(wot)} = CTFT{%efwot + %e—jwot} _
= mo(w — wp) + T (w + wp)

f(t) = cos(m,t)
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Convolution in the frequency domain

@ We consider a product of infinite duration sinusoidal signal
f(t) = cos(wot), ¥Vt € R, and some aperiodic continuous-time signal
g(t), ¥t € R, with the spectrum G(jw), Yw € R.

@ Since

F(jw) = CTFT{cos(wot)} = mé(w — wo) + md(w + wp)

we have:

CTFT {cos(wot)e(t)} = 5 [ FU)GU(w — v) dv
= 50 w8 ) + 780 — o)l 6w — v))

= 2 6(jw +w0)) + 5 6((w — wo))
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Amplitude modulation

o Calculating the product g(t) cos(wpt) is called amplitude modulation,
where cos(wpt) is the carrier, and g(t) is a signal that contains some
information.

@ Amplitude modulation shifts the spectrum of the signal, thus enabling
simultaneous transfer of information from different sources over the
same communication channel.
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Amplitude modulation — illustration

J®) F(jw)
1 2w
0 W\/\/W
@ 270 2n - W 01 P
) 9(t) G(jw)
27
0 /\ 0 A
(¢) 0 t— () -101 w—
, f(6)+g(t) F(jw) + G(jw)
4am
0 ; (
© 0 - ) ot v
f(t)cos(3t) 0.5F(j(w—3))+ 0.5F(j(w +3))
1 T
1 0
(9) 0 t— ) -3 0 234 w—
) g(t)cos(6t) 0.5G(j(w —6)) + 0.5G(j(w + 6))
T
! LA\ JA\
(i) 0 t— () -6 0 5 6“)7*>
f(t)cos(3t) + g(t) cos(6t) CTFT {f(t)cos(3t) + g(t) cos(6t)}
1 m
o U A\ A\
0
(k) t— ) -6 -3 0 3 o
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Properties — Convolution in the frequency domain

@ Frequency domain convolution of all Fourier transforms

f(t)g(t) PELLLIN L(F % G)(jw)
F(t)g(t) 2=, (£ G),
flnlgln] LN A(F®G)(e?)
flnlgln] S22 (F@6),

(UNIZG FER) CTFS 31/45



Properties of the Fourier transform — duality

@ Showing that 7(t) PELLILIN F(jw) has the property of duality

F(jt) <55 onf(—w) or  F(—jt) <D 2nf(w)

@ Proof is based on the similarity of the CTFT transform pair
equations, with successive substitutions of variables:

f(t)= i/Oo F(jw)e™t dw

—00

By substituting t = —7, and multiplying both sides with 27, it follows:

2rf(—r) = / " Fjw)e T du

— 00
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Properties of the Fourier transform — duality

Substituting w = t gives
2rf(—7) = / T F(jt)e it dt
Finally, the substitution 7 = w leads to:
2rf(—w) = / " F(jt)e it dt = CTFT{F(jt)}

—00

which proves

F(jt) <D 2nf(—w)

Similarly, F(—jt) <25 27f (w)

(UNIZG FER) CTFS
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Properties — duality

@ Duality of all Fourier transforms

CTFT () <D Fliw)  Fjt) <55 onf(—w)
DTFS f[n] DTFS; 27r/N Fk Fn DTFS; 90:27r/N %f[—k]
DTFT DTFT

crrs ] T F(e®) F(eit) <IB0=d g1y
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CTFT — duality — example

1@ e
1/1- CTFT /\
T r— 27/t 2;/7 0—
1 f@® w=t t=-0 F(jo)
/\ CTFT 2”/2-
T,
27/t 27/t 1> T T -
*12'1-' + 1 —T<t< 0 s oTw 2
T]_ 7—]_ 0<t< CTFT Sm?
—pt + p= t<rT — o
2
0 elsewhere N ,
i
o) (jw)
sinTt12 J— w + 2—” —T7<w<0
|:Tt2:| 27Tw_'_271' OSUJST
2
. , . 0 elsewhere
F(jt)
2nf (—w)=27f(w)
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DTFT/CTFS — duality — example

[P
L
o W
0,
LT 111110 ) I, ¥
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Fourier transform — Gaussian

@ The Fourier transform of an aperiodic continuous-time Gaussian
. 2 . .
signal f(t) = e 2", Vt € R is Gaussian, as well:

oo 5 . oo 2,
F(jw) = / e eIt dt = / e~ (AW gt —
—00 —00

= /oo e_[(\/gf+2155)2+%j] dt = e‘ijﬁj /Oo e_(\/gt—"_;%)2 dt

—00 —00
1 2 o0 2 s 2
= —e_%a e_ﬂ dp = 4/—e 4
a — 00 a
Nz
fy=e" F(/w):\/ge da
a
0 t— o o
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Signal duration and the spectrum width

@ There are many possible ways to define the duration and spectrum

width of some signal. We use Equal-Area Rectangle definition.

@ Our example is a real and even signal:

VAU
1

NN

F(0) F(jo)

D

t—

1
B —>

@ The duration of signal f(t) is, by definition, the duration of the
rectangular pulse of the same height and area as the f(t).

@ The same approach is used for the spectrum width.
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Signal duration and the spectrum width

@ Using
Fljw) = / (et dt & f(t):% / Fjw) et du
and

/ T f(t) dt = DF(O) & / " F(jw) dw = BF(0)

N -~
F(0) 27f(0)
it follows
F(0) f(0)
D=—= & B=2r = DB=2r
f(0) (0)
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Signal duration and the spectrum width

The duration of the signal and width of its spectrum are reciprocal

A shorter signal means wider spectrum, and vice versa

The product:
(signal duration) x (spectrum width) = constant

This is a very important fact in many applications, especially in
communications.
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Basic transforms (CTFT)

Time domain: x(t)

Freq. domain: X(jw)

i(t) 1
d(t — to) e Jwh
u(t) mo(w) + Jiw
1 270 (w)
e/wot 276 (w — wo)

2

wT

2

2n [+ 4) — (o~ 4]

17 ogt
e (1), b>0 -
Acos(wot + @) TA?5(w — wo) + mAe P8 (w + wo)
cos(wot) 70(w — wp) + ™o (w + wo)
sin(wot) —jmé(w — wp) + jmd(w + wo)

Zio:—oo Xke/kwot

220:_00 5(t — nT)

Y oo 2 Xid (w — kwp)
21

T 202—00 5(&) — kz%r)
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Properties (CTFT)

Property Time domain: x(t) Freq. domain: X(jw)
Linearity ax1(t) + bxx(t) aXi(jw) + bXo(jw)
Conjugate x*(t) X*(—jw)

T. reversal x(—t) X(—jw)
Duality X(jt) 2 x(—w)
Duality X(—jt) 2mx(w)

Time scale x(at) X ()

Time shift x(t — to) e ¥ X (jw)

C. modulation x(t)en X((w — wo))
Modulation x(t) cos(wot) 5 X(j(w — wo)) + 3 X(j(w + wo))
Derivative % (jw)* X (jw)
Convolution (x1 * x2)(t) X1(jw)Xe(jw)
Product xi(t)x2(t) 5= X1(jw) * Xa(jw)
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Basic transforms (DTFT)

Time domain: x[n] Freq. domain: X(e/*?)
5[n] 1
d[n — no) e /5o
wln] T oo 0(Q—27m) + —=
1 2y~ 6(Q—2wm)
e/won 2y 6(Q — Qo — 27m)

].7 0 S n S L -1 e—j%(L—l) sin(%)
0, for other n sin(§
a’uln], Jof <1 o
(n+Da"uln], Jaf <1 TacTf
cos[Qon] Ty O+ Qo — 2rm)+
+r Yo 6(Q— Qo —2m)
sin[Qqn] Ty 6(Q2+ Qo — 2rm)—
—jm Yy 6(2— Qo — 2mm)
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Properties (DTFT)

Property Time domain: x[n] Freq. domain: X(e/™)
Linearity ax1[n] + bxz[n] aX1 (™) + bXa(9)
Conjugate x*[n] X* (e~ %)
Time reversal x[—n] X (e~ )
Time shift x[n — no] e 7P X(7)
Freq. shift x[n]e/on X (/)
Modulation x[n] cos[Q0n] IX (W)Y 4 IX (7 0))
Derivative in freq. nx[n] (JdX (o ))
Convolution (x1 % x2)[n] Xl(e’Q)Xg(e’Q)
Product x1[n]x2[n] £ [T X (V)Xo () dyp
Conjugate x[n] real signal X(&) = X*(e )
symmetry Re{X (&%)} = Re{X(e %)}
of real Im{X(?)} = —Im{X (e ")}
signals (X(eM)] = [X(e?)]
LX) = —/X (e 1Y)
Symmetry of x[n] X()

real and even
signals

real and even

real and even
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